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ABSTRACT
Effect of aspect ratio (AR) on heat transfer due to laminar natural convection of Cu-water
nanofluid in a two-dimensional differentially heated enclosure has been studied
numerically. The transport equations have been discretized using finite volume approach
and solved using SIMPLER algorithm. Considering the nanofluid to be incompressible
and non-Newtonian, the shear stresses have been calculated using Ostwald-de Waele
model. The thermal conductivity of the nanofluid has been calculated from the proposed
model by Chon et al. Study has been conducted for AR = 0.125 to 3 while Rayleigh
number (Ra) has been varied between 104 and 107 and solid volume fraction (φ) of
copper particles (diameter = 25 nm) varied from 0.05% to 5%. In general heat transfer
decreases with increase in AR and φ but increases with increase in Ra. For Ra = 107,
maximum heat transfer is obtained between AR = 0.15 − 0.25.

Keywords: Nanofluid; Heat transfer; Non-Newtonian, Natural Convection; Square
Cavity

NOMENCLATURE
AR Aspect Ratio (l/h)  
c specific heat (J/kg K)
d diameter
Gr Grashoff number 
g acceleration due to gravity (m/s2)
H, L dimensionless cavity height and dimensionless width of cavity 
h, l dimensional (m) height and width of cavity
k thermal conductivity (W/mK)
kb Boltzmann constant 
keff effective thermal conductivity 
lf mean free path of water 
m, n the respective consistency and fluid behaviour index parameters, 
Nuy local Nusselt number of the heater

average Nusselt number at the heater
P pressure (N/m2)
Nu
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p dimensionless pressure (p–p0)H
2/ρ0α2

Pr Prandtl number of fluid, vf / αf
Ra Rayleigh Number, Gr Pr 
Re Reynolds number 
T temperature (K)
TH, TC temperature (K) of the heat source and sink respectively 
u, v velocity components in the x and y directions respectively (m/s)
U, V dimensionless velocities (U = uH/α, V = vH/α)
x, y horizontal and vertical coordinates respectively (m)
X, Y dimensionless horizontal and vertical coordinates respectively (X = x/h, Y = y/h)

GREEK SYMBOLS
α thermal diffusivity of the fluid (m2/s)
β isobaric expansion coefficient (K–1)
φ solid volume fraction
µ dynamic viscosity (N.s/m2)
ν kinematic viscosity (m2/s)
ρ density of the fluid (kg/m3)
θ dimensionless temperature (T − T0)/ (TH − TC)
ψ dimensionless stream function
τ the stress tensor

the symmetric rate of deformation tensor

SUBSCRIPTS
app apparent
eff effective  
f fluid
nf nanofluid 
0 at reference state
p particle
s solid

1. INTRODUCTION
Performance of conventional fluids like water, Ethylene Glycol (EG) is limited due to their lower
thermal conductivity. Nanofluid, which is a suspension of solid nanoparticles of metals and their oxides
(1–100 nm diameter) in conventional liquids, has been considered as a better option due to their
improved thermal conductivity [1, 2, 3]. Such enhancement depends on shape, size, concentration and
thermal properties of the solid nanoparticles. The nanofluid is stable [4], introduce very little pressure
drop and it can pass through nano-channels. Sometimes stabilizer is added to the nanofluid to stabilize
the solid particles in the mixture [5].

Several models have been proposed by researchers to predict the effective thermal conductivity of
nanofluid [6, 7, 8, 9, 10, 11], which was proved to be not realistic as the experimental values were much
higher than the predicted values. However the models proposed by some researchers [12, 13, 14]
considering the localized Brownian movement of nanoparticles were proved to be realistic. In these
cases a constant appears that can be calculated from the experimental results. Chon et al. [15] have
provided a correlation based on experimental results, which gives quite accurate value of effective
thermal conductivity of Al2O3-water nanofluid. Several researchers have tried to explain the physics
behind the increase in thermal conductivity [16, 17]. Buongiorno [17] have theoretically studied seven
slip mechanisms that produce a relative motion between the nanoparticles and the base fluid. They have
found that only Brownian motion and thermophoresis are important slip mechanism, which takes part in
the enhancement in abnormal convective heat transfer of nanofluid. However, Kebliniski et al. [18] have
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confirmed that heat transfer due to brownian motion is too slow to transport significant amount of heat
through a nanofluid. This has been confirmed through analysis through MD simulation.

Revealing the rheology of nanofluid is a complicated issue. The well-known viscosity model given
by Brinkman [19] gives lower value than that observed by experiments. Kwak and Kim [20] have
shown experimentally that the viscosity of nanofluid depends on shear rate and zero shear viscosity
increases rapidly when φ exceeds 0.2%. Shear thinning behaviour nanofluid has been observed by
many researchers [21, 22]. They have observed that the viscosity of nanofluid increases with the
increase in concentration for a given shear rate.

A few experiments have been conducted to study natural convective heat transfer using nanofluid
inside a cavity [23, 24, 25]. The general observation of these experiments is that the heat transfer
decreases with increase in concentration of nanoparticles in the nanofluid. This was in contrary to
their expectation but it was reveled that increase in viscosity at low shear rate is the reason behind
this. Recently Wen and Ding [25] have experimentally observed that for natural convection the
convective heat transfer coefficient decreases with the increase in concentration of nanoparticles.
They have also shown that viscosity of this nanofluid increases rapidly with the inclusion of
nanoparticles as shear rate decreases. A large number of literature is found regarding natural
convection with nanofluid inside a cavity. Khanafer et al. [26] have numerically shown that heat
transfer increases with the increase in nanoparticle concentration for a particular Grashoff number
for copper nanofluid in a square cavity. They had used Wasp model [7] for thermal conductivity.
Their observations were contrary to the experimental result as they had considered the fluid to be
Newtonian. They had considered the thermal dispersion but that involves an empirical constant,
which is still unknown. Recently Santra et al. [27] have considered the nanofluid as non-Newtonian
and have shown that heat transfer decreases with increase in particle concentration for a
differentially heated square cavity. This result matches with the experimental observations. Ho et al.
[28] showed that enhancement in the dynamic viscosity, counteracting that in the thermal
conductivity of the nanofluid can thus play as a crucial factor and should be taken into account
when assessing its heat transfer efficacy for natural convection in enclosures. Jou et al. [29] have
performed the same study [26] to observe the effect of aspect ratio (AR) of the enclosure on heat
transfer for Cu-water nanofluid considering φ upto 20%. Abunada et al. [30] have studied the effect
of aspect ratio on heat transfer due to natural convection in a differentially heated cavity using Cu-
EG-Water nanofluid. The AR was varied between 0.5 and 2. They have observed that heat transfer
decreases with increase in AR. 

The study on Nanofluid is promising for nanotechnology based cooling applications such as MEMS,
including ultrahigh thermal conductivity coolants, lubricants, hydraulic fluids and metal cutting fluids.
Since under normal condition the natural convection is the only mode of heat transfer, the components
may be more prone to damage.

The present paper shows the effect of aspect ratio on heat transfer and flow pattern due to laminar
natural convection of copper-water nanofluid in a differentially heated square cavity. The nanofluid has
been treated as non-Newtonian. Here the single phase model has been considered so the slip has not been
taken into account. In the present case the temperature difference between the hot and the cold walls are
less so accordingly the effect of Brownian diffusion and thermophoresis which are the main reasons
behind the slip mechanism, is less. [17]. The thermal conductivity model proposed by Chon et al. [15]
has been used to determine the effective thermal conductivity (keff ) of the nanofluid. The viscosity of
nanofluid has been calculated using Ostwald-de Waele model (two parameter power law model) for a
non-Newtonian shear thinning fluid [27]. Santra et al. [27] had used copper particles for their study.
Hence in the present study Cu-water nanofluid has been considered. Since the nanofluid is stable the
effect of sedimentation is any has not been considered in the present study.

To the best of the knowledge of the authors, no other numerical study on buoyancy driven heat
transfer analysis using nanofluid particularly considering the fluid as non-Newtonian and the aforesaid
thermal conductivity model has been reported so far. Here the authors have used the primitive variables,
instead of stream function & vorticity method [26, 29].
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2. MATHEMATICAL FORMULATION
2.1. Problem statement
The geometry of the present problem is shown in Figure 1. It consists of a two-dimensional square
enclosure of height h and width l. The temperatures of the two sidewalls of the cavity are maintained
at TH and TC, where TC has been considered as the reference condition. The top and the bottom
horizontal walls have been considered to be insulated i.e., non-conducting and impermeable to mass
transfer. The enclosure is filled with a mixture of water and solid spherical copper particles of 25 nm
diameter. The nanoparticles are of uniform shape and size. The nanofluid is assumed to be non-
Newtonian, incompressible and the flow is laminar. Also it is assumed that the liquid and solid are in
thermal equilibrium and they flow at same velocity. All the thermophysical properties are kept constant
except the density, which has been incorporated only in the body force term by employing the
Boussinesq approximation.

2.2. Governing equations and boundary conditions
The continuity, momentum and energy equations for a steady, two-dimensional flow of a Fourier
constant property fluid have been considered. The governing equations for a steady, two-dimensional
flow are as follows

(1)

(2)

(3)

(4)

where, (5)

where the relationships between the shear stress and shear rate in case of two-dimensional motion in
rectangular co-ordinate according to the Ostwald-de Waele model are as follows: [31]
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where (7)

Thus the stress tensors of the equations (2) and (3) take the following forms

(8)

(9)

(10)

Here m and n are two empirical constants, which depend on the type of nanofluid used. Putra et al. [24]
have shown experimentally the relation between the shear stress and shear strain for Al2O3-water
nanofluid. Using this data, the values of m and n have been calculated for 1% and 4% solid volume
fraction. These values are suitably interpolated and extrapolated keeping in mind that the shear stress

τ yy m
u

x

v

y
= − ∂

∂




 + ∂

∂

















+ ∂

2 2
2 2

vv

x

u

y

n

∂
+ ∂

∂


































−
2

1
2

1( )




∂
∂







v

y

τ τyx xy m
u

x

v

y
= = − ∂

∂




 + ∂

∂

















2

2 2


+ ∂

∂
+ ∂

∂































−

v

x

u

y

n

2
1
2

1( )







∂
∂

+ ∂
∂







u

y

v

x

τ xx m
u

x

v

y
= − ∂

∂




 + ∂

∂

















+ ∂

2 2
2 2

vv

x

u

y

n

∂
+ ∂

∂


































−
2

1
2

1( )




∂
∂







u

x

1

2
2

2 2

� �γ γ⋅( ) = ∂
∂





 + ∂

∂


















u

x

v

y 
+ ∂

∂
+ ∂

∂






v

x

u

y

2

Krishanu Sarkar and Apurba Kumar Santra 155

Volume 2 · Number 2&3 · 2011

TC

Y

H g

X

TH

L

Figure 1. Geometry of the present proble.



decreases with increase in φ for a particular shear rate in the mixture. The values of m and n for different
φ have been given in Table 1. It is to be noted that for a shear thinning fluid the value of n is less than 1
[31]. Since the rate of change of shear stress with shear rate for Cu-water nanofluid is not available, these
data of Al2O3-water nanofluid has been adopted for Cu-water nanofluid to observe the nature of the heat
transfer.

The effective density of the nanofluid at reference temperature is

(11)

and the heat capacitance of nanofluid is

(12)

The effective thermal conductivity of fluid has been determined by the model proposed by Chon et al.
[15]. For the two-component entity of spherical-particle suspension the model gives

Pr0.9955 Re1.2321 (13)

Where (14)

Here kb is the Boltzmann constant, value of which is 1.3807 × 10−23 J/K and lf is the mean free path
of water, the value of which is 0.17 nm [15]. The calculation of effective thermal conductivity can be
obtained from equation (13).

The above equations can be converted to non-dimensional form, using the following dimensionless
parameters
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Table 1. Values of fluid behaviour index parameters (m, n).

Solid Volume Fraction (φ ) (%) m (N.secn.m–2) n
0.5 0.00187 0.880
1.0 0.00230 0.830
1.5 0.00283 0.780
2.0 0.00347 0.730
2.5 0.00426 0.680
3.0 0.00535 0.625
3.5 0.00641 0.580
4.0 0.00750 0.540
4.5 0.00876 0.500
5.0 0.01020 0.460



Then the non-dimensional equations will be as follows

(15)

(16)

(17)

(18)

Here the apparent viscosity of the nanofluid is

(19)

The boundary conditions, used to solve equations (15) to (18) are as follows.

Equations. (15) to (18), along with the boundary conditions are solved numerically. From the
converged solutions, we have calculated Nuy (Local Nusselt number) and (Average Nusselt
number) for the hot wall as follows
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(21)

where, H is dimensionless cavity height.
The dimensionless stream function ψ has been defined as U = ∂ψ/∂Y and V = – ∂ψ / ∂X . The stream

function at any grid location (X,Y) is calculated as

(22)

Along the solid boundary the stream function is taken as zero. ψ (X, Y0) is known either from the
previous calculation, or, from the boundary condition.

2.3. Numerical approach and validation
The governing mass, momentum and energy equations have been dicretized by a control volume
approach using a power law profile approximation. The computational domain has been divided into
81 X 81 non-uniform grids. Finer grids have been taken at the boundaries. The set of discretized
equations have been solved iteratively, through alternate direction implicit ADI, using the SIMPLER
algorithm [32]. For convergence, under-relaxation technique has been employed. To check the
convergence, the mass residue of each control volume has been calculated and the maximum value has
been used to check the convergence. The convergence criterion has been set to 10−7.

The results are validated with the results of de Vahl Davis [33] for different Ra, which has been
summarized in Table 2. The difference between the average Nusselt number of de Vahl Davis and that
obtained by the present code is well within acceptable limit. Apart from this the average Nusselt
number closely matches with that of Santra et al. [27] for AR = 1.

3. RESULTS AND DISCUSSION 
The effect of aspect ratio (AR) on heat transfer due to laminar natural convection in a differentially
heated enclosure has been studied numerically. Water has been considered as the base fluid with Pr
= 7.02 (the base temperature considered here is 20°C). Solid spherical nanoparticles of copper of
25 nm diameter dispersed in water are considered to be the nanofluid. The effective thermal
conductivity of the nanofluid has been calculated from the correlation given by Chon et al. [15].
This effective thermal conductivity depends on temperature. The thermal properties as well as the
physical properties have been tabulated in Table 3. The values of the constants m and n are
summarized in Table 1, to calculate the effective viscosity of the nanofluid. Results are presented
for different AR (from 0.125 to 3) while Ra and φ have been varied from 104 to107 and from 0.0 %
to 5.0% (with the increment of 0.5%) respectively. The temperature of the hotter wall is 40°C (313
K) and that of the cold wall is 20°C (293 K).
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Table 2. Comparison of results for validation.

Rayleigh Number (Ra) of de Vahl Davis of present code 
104 2.243 2.245
105 4.519 4.521
106 8.799 8.813

NuNu



3.1. Effect of aspect ratio on streamlines and isotherms
Since the heat transfer depends on the flow pattern and the temperature variation within the cavity, the
effect of AR on the streamlines and the isotherms has been shown.

Figure 2 represents the streamlines and isotherms for Ra = 107 for different AR when φ = 5%. From
the obtained diagrams of streamlines it is observed that the dimension of the central cavity of the
circulation is increasing with the increase in AR as well as the thickness of the velocity boundary layer
is increasing. It is observed from the figures of streamlines that the maximum value of dimensionless
stream function is increasing with the increase in the AR at a very slow rate. The maximum value
becomes 19 when the AR is 1 and this value remains to be constant for the AR 2 and 3. This observation
indicates that the velocity of flow has a tendency to increase with the increase in AR.

The diagrams of isotherms show that the density of isotherms changes when the AR is altered. For
lower values of AR the isotherms are closely placed and the spacing between isotherms increases with
the increase in AR. Also the thickness of the thermal boundary layer is increasing and the isothermal
stagnant core is also increasing. This is due to the fact that with the increase in AR, the width of the
cavity is increasing. Therefore fluid has to travel a longer distance so the tendency of heat transfer by
convection reduces. Thus the probability of heat transfer by conduction increases.

The obtained patterns of isotherms and streamlines hint at the presence of immobile fluid particles
at the centre of the cavity.

Figure 3 depicts the streamlines and isotherms for φ = 0% to 5% when Ra = 107 and AR = 0.75. It
is observed that the strength of the circulation decreases with the increase in concentration of the
nanoparticles in the suspension. The figures of streamlines at the same time show that the dimension of
the core zone is decreasing with the increase in solid volume fraction. As the nanofluid is non-Newtonian
its viscosity enhances with the increase in nanoparticle concentration. As a result of which the velocity
of the nanofluid reduces thus increasing the velocity boundary layer thickness. According to the figures
of isotherms it is evident that the isotherms are closely place at lower values of nanoparticle
concentration in the suspension. The density of the isotherms is decreasing with the increase in
concentration of the nanoparticles in the suspension. As the nanofluid is non-Newtonian the viscosity
increases with the increase in φ therefore the velocity of the particles reduces. So diffusion increases with
increase in φ causing increase in thermal boundary layer thickness.

3.2. Effect of solid volume fraction on average Nusselt number
The average Nusselt number for various AR and φ has been presented in Fig. 4 for Ra = 107.

The figure shows that for a particular φ the average Nusselt number first increases with increase in
AR and after achieving an optimum value it decreases gradually. This peak value shifts towards right
with increase in nanoparticle concentration. The maximum heat transfer is observed between AR = 0.15
to 0.25. As AR increases from 0.15, the space available for molecular movement increases, at the same
time the dimension of the central core increases, these two factors play the major role in defining the
optimum AR for heat transfer. At AR = 0.15 the circulation is suppressed as the space for fluid
movement is limited. As AR increases this space increases and convection as well as heat transfer
increases. After reaching the optimum value, it decreases again as the boundary layer thickness
increases with increase in AR as described in Figure 2. 
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Table 3. Thermophysical properties of different phase at 20°C.

Property Fluid (water) Solid (copper)
Cp (J/Kg K) 4181.80 383.1

ρ(Kg/m3) 1000.52 8954.0 

k(W/m K) 0.597 386.0

β(K–1) 210.0 × 10–6 51.0 × 10–6
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Figure 3. Streamlines and isotherms for Ra = 107, AR 0.75 for φ = a) 0%, b) 1%, c) 2%, d) 5%.



It is also observed that the average Nusselt number decreases for a particular AR with increase in φ.
It is apparent that the heat transfer should increase with φ as effective thermal conductivity of nanofluid
increases with φ . But here we observe the opposite phenomena as the fluid is non-Newtonian and
shows shear-thinning behaviour. Hence the viscosity increases with φ , which decrease the convective
heat transfer. This can also be explained from Figure 3. As with increase in φ the thermal boundary layer
thickness increases, the heat transfer decreases. Thus increase in heat transfer due to conduction is
nullified. Such observations are similar to the various experimental result [24, 25].

Figure 5 shows the variation of heat transfer with AR for different Ra when φ = 5%. It shows that
as the Ra decreases from 107, the heat transfer decreases initially at a higher rate, which becomes
sluggish eventually. This is due to the fact that effect of viscosity dominates over convection at lower
Ra, as strength of circulation reduces with decrease in Rayleigh number. Figure 6 shows the result of
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Putra et al. [24] for comparison with the present result. It is observed that for every Rayleigh no the
heat transfer decreases when solid volume fraction of Alumina increases from 1– 4%. Comparing the
graph of putra et al with that of present study it is observed for Ra = 107 and solid volume fraction 1%
the value of average Nusselt number is almost similar. Thus the numerical model gives quite reasonable
value of heat transfer which almost matches with the experimental result available.

4. CONCLUSIONS
In a differentially heated enclosure the effect of aspect ratio (AR) on heat transfer has been numerically
studied where Cu-water nanofluid has been considered. The Rayleigh number and solid volume
fraction have been varied from 104–107 and 0%–5% respectively. The range of AR used in this case is
from 0.125 to 3. The nanofluid used consists of copper nanoparticles suspended in pure water. The
Prandtl number of water has been considered 7.02 and diameter of copper nanoparticles is 25 nm. The
hot wall and the cold wall are kept at 40°C and 20°C respectively. The nanofluid exhibits non-
Newtonian nature. Shear stress has been calculated using Ostwald-de Waele model. The effective
thermal conductivity has been calculated using the model propsed by Chon et al.

The results show that the heat transfer decreases with increase in Aspect ratio for a particular solid
volume fraction and Rayleigh Number. The trend is slightly different for Ra = 107, where heat transfer
first increases and then decreases. For a particular φ, the highest value of heat transfer has been
observed for Ra = 107, AR = 0.15–0.25.

Experiments should be carried out for observing the nature of heat transfer in this type of
differentially heated cavities.
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